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Conformally flat supergeometry in five dimensions
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ABSTRACT: Using the superspace formulation for the 5D N = 1 Weyl supermultiplet
developed in arXiv:0802.3953, we elaborate the concept of conformally flat superspace in
five dimensions. For a large family of supersymmetric theories (including sigma-models and
Yang-Mills theories) in the conformally flat superspace, we describe an explicit procedure
to formulate their dynamics in terms of rigid 4D N = 1 superfields. The case of 5D N =1
anti-de Sitter superspace is discussed as an example.
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In the context of the two-brane Randall-Sundrum scenario [fl] and its supersymmetric
extensions [-[], it is of interest to have a superspace description for five-dimensional
N =1 conformally flat supergeometry that would be similar to that available in the case
of four-dimensional N' = 1 supersymmetry, see, e.g. [{] for a review. This is also an
interesting problem from the point of view of formal supergravity. Such a description can
be derived using the superspace formulation for the Weyl multiplet of 5D A = 1 conformal
supergravity [§, [f], which has recently been given in [§ (building on [J, [[(]). Its elaboration
is provided in the present letter. The case of 5D N = 1 anti-de Sitter superspace, which
was studied in ] from a different perspective, is explicitly worked out as an example.

To start with, it is worth recalling the salient points of the superspace formulation
developed in [§]. Let M = (:tm,Hﬁ1 ) be local bosonic (z) and fermionic () coordinates
parametrizing a curved five-dimensional N' = 1 superspace M°® where 1 = 0,1, ... ,4,
a=1,...,4 and i = 1,2. Here the Grassmann variables 95 obey the standard pseudo-
Majorana reality condition 9{‘ = HZ = eppe 9;’ (see the appendix in [Id] for our 5D
notation and conventions). The tangent-space group is chosen to be SO(4, 1) x SU(2), and
the superspace covariant derivatives D ; = (Ds, Dfl) have the form

DA:5A+QA+<I>A‘ (1)

Here £; = EAM(z) 0,y is the supervielbein, with 0, = 8/82M,

1 Be 34
Qp =5 Q4" My, = Q7 Mys - My = =My, Mg = Mg, (2)
is the Lorentz connection,
;= q)Akl Ikl s it = Jik (3)

is the SU(2)-connection. The Lorentz generators with vector indices (M,;) and spinor

indices (M) are related to each other by the rule: M; = (2,;)% M, 5 (for more details,

see the appendix of [[[(]). The generators of SO(4,1) xSU(2) act on the covariant derivatives
as follows:!

Kl opyiy _ i(kpl) k) _ k
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) De] = 2nea Dy (4)
where JK = gkighi J;..
The covariant derivatives obey (anti)commutation relations of the general form

N 1 od
[DA’DB} = TABCDCA, + §RAB dMédA + RABMJM , (5)

where TABO is the torsion, RAB&Z and R ;5™ the SO(4,1) and SU(2) curvature tensors,
respectively.

To describe the Weyl multiplet of conformal supergravity [f, ], the torsion has to obey
the constraints [J:

T = -9 T =Tt =00 Tt = Tn =0. (6)

«

!The operation of (anti)symmetrization of n indices is defined to involve a factor (n!)~!.



With the constraints introduced, it can be shown that the torsion and the curvature tensors
in (f]) are expressed in terms of a small number of dimension-1 tensor superfields, S, Xops
N 4, and C;¥, and their covariant derivatives, with the symmetry properties:

ST=8"  x;=-X, « Ny=-N,, GC7=¢C. (7)

Their reality properties are

Si=8y, Xy=Xy, Ny=~Ny, Ca¥=Cay. ®)

The covariant derivatives obey the (anti)commutation relations [f:

{Di. D)} = 21D, i el + 4a”sabcde( a)agNseM s
1 abede ij ij £ Skl
2&7 (Eab)aﬁc M, + 48V M, +31€ S*Ju
i€, 5 T — 4i( X+ Ny ) IV (9a)
j 1 Y Qj by A s5d 1 le é by A g
Du D)) = 5 (00757 = (00578, — Geach (290516 + (2007650 ) 2%

+ curvature terms . (9b)

The dimension-1 components of the torsion, S¥, X, Ny and C;Y, enjoy some additional

differential constraints implied by the Bianchi identltles -

Let D ; = (Dg, DY) be another set of covariant derivatives satisfying the constraints (),
with §%, X, N, and C,% being the corresponding dimension-1 components of the torsion.
The supergeometries, which are associated with D; and D g, describe the same Weyl
multiplet if they are related by a super-Weyl transformation? [§] of the form:

Di = o (Dg +A(D%e)\M.,

25— 6(Dajo)J7). (10a)

o : 56 b i )
Dy = ¢? (D& +i(T)" (Do) Dy, — 2(DPo)M,; + Z(r&)w (DYDlo)Jy
5i, a5
—WJWD%N%@%Q. (10b)

+ 5abcde(2bé)a,3(D%0“)(D,‘ia)Mdé+ 5

2

The components of the torsion are related as follows:

X =¥ <Xé i~ 5 (%5 (DDl (s, Cz)ﬁ(mka)(pia» , (11a)
N,;=e* <N&z—i(zéd)%(p kaU)—fSl(E i)55(D7 k) (Do )) (11b)
Calt = &% <C@jk+i(P )*(DY DYa) = 2i(a)* (Do) (D ﬁ%)), (11c)
S = e <Sij + %(DWDQJ) - 31(1)?%)(132)0)) : (11d)

2In [EL only the infinitesimal super-Weyl transformation was explicitly given.



Consider the super-Weyl tensor [f]

1
ab = Xap — §Naé : (12)
It follows from eqs. ([[1d)) and ([[1H) that it transforms homogeneously,
W&i) = eQU Wdi) . (13)

If the supergeometry D ; is such that its super-Weyl tensor vanishes, W.; = 0, the same
property holds for the supergeometry D ;. If the supergeometry D ; is flat, the superge-
ometry D ; will be called conformally flat.

Suppose that the two supergeometries under consideration are such that?

CiV =07 =0, (14)

Then, it follows from ([[1d) that the parameter o is constrained. The relevant constraint
can be expressed in the form:

i i 1 (i i _
DY Dgwo - ZE@ﬁADV(ZD’]?)WO =0, Wy=e 2. (15)

This is the equation for the field strength of an Abelian vector multiplet. In what follows,
we will assume the fulfillment of ([[4).

More generally, consider an arbitrary non-Abelian vector multiplet. Its field strength
W obeys the constraint

Dg'pgw - ie@BDWDQW =0 (16)
and possesses the super-Weyl transformation
W =e*W . (17)
Associated with the vector multiplet is the composite superfield [§]
G = tr {ipé<iwpg)w + %WD“W - 2Siﬂ'w2} . DYU.=DpMip), (18)
which enjoys the equation
DUGI* = 0 (19)
and possesses the super-Weyl transformation
G =evGY . (20)

The explicit expression for Wy, eq. ([[5), and the super-Weyl transformation law ([[7)

imply
Wo=1. (21)

3 As observed in [E], the super-Weyl gauge freedom can always be used to choose the gauge C3% = 0.



Then, it follows from ([§) and (R0) that
G = 287 =Gy (22)

The supergeometry corresponding to the 5D N = 1 anti-de Sitter superspace is char-
acterized by the following conditions [§] (see also [[LT]):

GI=0, Xy=Ny=0, 940, 23

a

Then, it follows from the Bianchi identities [f] that S% is covariantly constant,
DESYU =0 . (24)
As argued in [[[J], in the family of five-dimenisonal A-extended anti-de Sitter superspaces

SU(2, 2I)
518N _
AT = S < U

it is only the case N’ = 1 which corresponds to (locally) conformally flat supergeometry (al-
though no explicit construction was given in [[J]). Below we will derive an explicit realiza-
tion for the 5D N = 1 anti-de Sitter superspace as a locally conformally flat supergeometry.

Let us look for a supersymmetric extension of the AdS5 metric in Poincaré coordinates*

2
d?s = <§> <77mnd:17mdx" + dz2) ) R = const, m=0,1,2,3 (25)

with 7,,, the four-dimensional Minkowski metric. The bosonic coordinates z™ and z
"™ z). Since the

supergeometry D ; is flat, our first problem is to look for a real superfield Wy(z, 95 ) which

are related to those used in the main body of this paper as 2™ = (x

solves eq. ([[§) for the vector multiplet field strength in flat superspace. There are at least
three ways to address this problem:

(i) brute-force approach;
(ii) harmonic superspace construction;
(iii) projective superspace construction.

In the first case, one starts with a general superfield Wo(z,Hf ) and then tries to satisfy
eq. ) In the second and third approaches, one starts with a useful ansatz for the
harmonic or projective prepotential for a 5D N = 1 vector multiplet, and then read off
the corresponding field strength following the rules given in [[3, [4. In all cases, it is
é
7
components spinors (see [[J] for more details, including the explicit expressions for the 5D

convenient to express the four-component Grassmann coordinates, #¢, in terms of two-

gamma-matrices in terms of the sigma-matrices etc.).

. _ . 9t .
0 = (67,0, 98:(@232)7 o=, (26)

4These coordinates are known to cover one-half of the AdS hyperboloid.



as well as to express the 5D N = 1 spinor covariant derivatives Dé (without central
charge) in terms of 4D N = 2 spinor covariant derivatives Df, and Ddi (with central
charge) following [[L3]

. D? . _
DL = _¢& D¢ = (D, —D.. 27
o <DO‘Z> ’ ) ( 1) oﬂ) ( )
where
D :i+i(0b) 0% 0, + 010 p. =2 —i6%(0"),. Oy — 0.0, . (28)
e} 89? af a“z i ae—&i % Ba ai  #

The most general expression for the field strength Wy(z, 6%, ég ) can be shown to be:

) _ PP | _ ) _ PP B
Wo = A+i(0 — 05) BY — 5 (0" +0")92A + 10% ,0,),0.B7 + 50307024

A opag g aavazpii L pagana

+15(0%0s — 6,;6")0;BY + 260°0"0; A, (29)

where

Hij = 9?900 N éij = édj 5 92']' = éij 5 94 = 9“6,-]- y §4 = ﬁ . (30)

Here A(z) and BY(z) = B7i(z) are real functions of z,
A=A, Bi=nBy;, (31)

but otherwise are completely arbitrary.
With Wy given as in eq. (B9), we have satisfied the first constraint in (RJ). The next

problem is to solve the second constraint in (23), X,

j = 0 or, equivalently, NV,; = 0. Its
solution is as follows:

R 3 R .. 3 ij
AR =2 BIE=—ggst sTm (32)
z z /%s"jsij
with
R = const, s = §7" = const, s =5 . (33)

It is a short calculation to demonstrate that the covariantly constant torsion S¥ is
P R
SJZESJ + O(0) . (34)

This completes our explicit realization of AdS®® as (locally) conformally flat superspace.
Let us leave AdS°!® for a while, and discuss the structure of a manifestly supersymmet-
ric action principle in the case of an arbitrary conformally flat superspace. In accordance
with the supergravity formulation developed in [§, [[(], the supersymmetric action is gen-
erated by a covariant projective supermultiplet of weight two, £+ (u™), which is defined



to be holomorphic with respect to additional isotwistor variables u;” € C?\ {0}. The fact
that the Lagrangian is projective and has weight 42, means the following;:

uf DLLT T (uh) =0, LT (cu™) = LT (uh), ce C\ {0}, (35)

see [ for more details, including the reality condition of £7+, LT+ = £++, with respect
to the so-called smile conjugation. The action is

S(LHt) = L (utdu™) Grdtge L gl =Ber (&™) . (36)
o c (S—H—)Z’ A

Here C' is a closed integration contour, S**(u't) := §¥ufu] and (u*du®) == w™du;".
Let us choose a coordinate system in which the covariant derivatives D ; are related
to the flat global ones, D 4, according to eqs. ([[04)—([0H). We then have
E=e2=W,, 28T =w;3G", (37)
with
Gyt = Giuful =1DTWoDI W, + %WOD@JFD:{WO, DIGitT =0 (38)
and D; := Diu;. We also have
LY =wyictt, DLt =0. (39)
Here L+ (u™) is a rigid projective supermultiplet of weight +2 living in flat 5D N = 1

superspace R5I8.
More generally, if Q™ (u™) is a covariant projective supermultiplet of weight n,

ui DLW (W) =0,  QW(cut) =" QMW (),  ceC\{0}, (40)
it is generated by a rigid projective supermultiplet of weight n, Q™ (u™), living in RIS,
Q) = WP, prQ™ 0. (41)

The above action turns into®

9 LT+w4
S(Ltr) = = ?{C (udu™) / A5z d89(Gar7+)g : (42)
Using the identity [§]
3 1 &BA6
DV = Z(Gg+)2, (D)4 = ~56° ﬁvéDgDBTD;D;, (43)

®In general, the transformation (@)f(@) relating the “flat” and “curved” covariant derivatives, can
be defined only locally, as in the case of AdS®!®. Although the locally supersymmetric action (@) is globally
defined, its “flat” form @ holds in general locally. In this paper, we do not discuss global issues.



we can next transform S(L£*) as follows:

2 (utdut) _ LWy
S = g f oyt [ oo {2t
1 (whrdu®) [ 5
= — D)Lt 44
5 b et [ @ (0) B (44)
Here
v Y apin-p-p-p- o
(D7) i= =D DIDIDT Dy = D, (45)

and the isotwistor u; introduced is constrained to obey the inequality (u*u™) # 0 (which
means that u:r and u; are linearly independent) but otherwise is completely arbitrary.

It is possible to transform the action further and represent it as an integral over 4D
N = 1 superspace [[[4, [L1]. First of all, we note that the action is invariant under arbitrary
projective transformations of the form

(ui_ ) ui+) - (ui_ ) ui+)R7 R = (
b ¢

) € GL(2,C) . (46)

This symmetry implies that the action is actually independent of u; , and that the isotwistor
u;” provides homogeneous coordinates for CP. Second, without loss of generality, we can
assume that the integration contour C' does not intersect the north pole of CP!. We thus
can chose

ut = w1, =uT, oy =(1,0), (47)

as well as
LT (") = i(u™)*CL(Q), (48)
with ¢ the complex local coordinate parametrizing CP'. Now, the constraint D;FLJFJr =0

is equivalent to (*D;sL(¢) = 0. The latter can be used to rewrite (f4) in the form:

Sty = L 740 % [ eaator)

27

(49)

93=0

In this form, the supersymmetric action is given in terms of N' = 1 superfields.

If the Lagrangian L1 is independent of the vector multiplet associated with W, then
the action ([4) contains no information about the curved supergeometry, and thus ()
describes a rigid superconformal theory of the general type studied in [[4]. An example of
such theories is the general superconformal nonlinear sigma-model formulated in terms of
covariant arctic weight-one multiplets T (u™) and their smile-conjugates T+ and described

by the Lagrangian [14, [, [(7]
LY =iK(TH, T, (50)

SEq. (@) is the 5D A = 1 version of the projective superspace action principle [E7 @]



with K (@I , o7 ) a real analytic function of n complex variables &' where I =1,...,n. For
LT to be a weight-two real projective superfield, it is sufficient to require

@I%K@, P) = K(D,9) . (51)

Let us give an example of dynamical systems with the Lagrangian L™ depending
on the vector multiplet Wy. Following [, [, consider the system of interacting covari-
ant arctic weight-zero multiplets Y (u™) and their smile-conjugates Y described by the
Lagrangian

L — %S++ K(T,T), (52)

with K(®!, o7 ) a real function which is not required to obey any homogeneity condition.
For this model, the line integral in (i) should be carried out around the origin. Because
Y (u") has vanishing weight, n = 0, eq. ([H]) means that Y (u") = Y(¢) is a rigid projective
supermultiplet. The corresponding flat-superspace form of the Lagrangian is

1 .
LT = —ZG(J{JF K(Y,T). (53)

The action can be seen to be invariant under Kahler transformations of the form
K(Y,Y) — K(Y,Y)+A(Y)+A(Y), (54)

with A(®7) a holomorphic function.

To describe the dynamics of Yang-Mills supermultiplets, we should introduce a gauge
field Vo(u™) for the Abelian vector multiplet Wy associated with our conformally flat su-
perspace. The Vy(ut) is a tropical weight-zero multiplet such that the field strength is

given as [[[4]

1 (utdu) , o _ P
Wy = D + D )*:=D°D} .
0= 7o Pt (DR, (D7) ; (55)
Since Vp has vanishing weight, n = 0, eq. ([]) means that Vo(u™) = V5(¢) is invariant
under the super-Weyl transformations, i.e. Vg = V. The field strength W, is invariant
under the gauge transformations

Vo — VorA+2, (56)

with A(u™) an arbitrary arctic weight-zero superfield. Let W be the gauge-covariant field
strength of a Yang-Mills supermultiplet, and V(u™) is a gauge field (i.e. a tropical weight-
zero multiplet taking its values in the Lie algebra of the gauge group). Then, we can
construct the covariant projective weight-two multiplet

Gt (ut) = giju;’uj , (57)

with G¥ given in ([[§). Dynamics of the Yang-Mills supermultiplet can be described by the
Lagrangian
1
Lii= W0 4 kG aV, (58)



with g and s the coupling constants. The corresponding action can be seen to be invariant
under the gauge transformations (ff). The second term in (§§) is a Fayet-Iliopoulos term.

If the Kéhler potential K (®7, o7 ) in (B) corresponds to a Kihler manifold with isome-
tries, on can gauge the sigma-model following [R{]. In particular, one can generate “mas-
sive” sigma-models if the gauging is carried out using the frozen vector multiplet V().

As follows from (@), all information about the curved superspace geometry is now
encoded in G§*(ut) = Go + In the case of the anti-de Sitter superspace AdS®®, this
superfield can be shown to be

G5r+(u+) _ _252 {s++ _ j_i<(0+)2 _ (§+)2) _ % <(9+)2 4 (§+)2>s+—
+ﬁ(0+)2(9+)2s__} . (59)
Here s+ = s”ujE i
Ze=2— (ufu_) <9+9— + é*é‘) : (60)

and 6+ = 6!, u and Hi = 62 . The variables z., 6} and 9+ which appear in the right-
hand side of (@) are annlhllated by D7, that is, they are analytlc in the sense of the 5D
N =1 version [[[J] of the harmonic superspace approach [I§, [[J]. One can check that G++

is independent of u~,

ai_GH =0, (61)

in spite of the fact that separate contributions to the right-hand side of (@) do depend on

u”.
Let us now represent Gg *(u™), eq. (B9), as

Ggt(u®) =i(w™)?*CGo(C) - (62)

Instead of giving the complete expression for Gg((), it is sufficient to consider Gy((¢) in
the limit of 05 = 0* = 0, since only this truncated expression for G(({) appears in the
action (fI9). Deﬁnlng

0% = 0%, 0. :=0-, (63)

a short calculation gives

2iR? 1
Go(Q)loy=0 = {(C H—2st2 Tl >+ 92( >
3 -
+;92(— 32+<(32+1)> L gegr(siz 4 4 } . (64)
For completeness, we also give the expression for Wy in the limit of 65 = 9% = 0.

R iR - iR - .
Wolnmo = < = 55 (0251 - 522) — = 002 (s™ +1) (65)



Up to an SU(2) rotation, one can always choose s% to have the form:
stt=522 =0 = s12 = +4i . (66)
Now, it follows from (f4) and (£9)

AR?

12 ’ GO(<)|9§=0 = _? : (67)

sE=-1 = Wolo,=0 =

w | =

It is seen that the superfields Wolg,—0 and Go(¢)|p,=0 are invariant under the standard 4D

N =1 super-Poincaré transformations.

It is not difficult to see that the second solution, s22 = i, in eq. (69) simply corresponds

to the replacement (67, H_i) — (6, éi) in the above consideration. In particular, we have

s= =i - GQ(C)’glzo = —0 . (68)

With the choice (57), the action () generated by (b3) becomes
=—=¢ — [dzd* 0| —) K(Y,Y).
5 Rfizwig v (z) (X, 1) (69)
Here the dynamical variables are

S+..., (70)

N =

YO = X" =2+ (S+..., T(g)zz%rn 5
n=0

n=0

where the two leading components of Y (¢) are constrained 4D N = 1 superfields,
. 1_
D*® =0, —ZD22=ach>. (71)

The other components of Y({) are complex unconstrained superfields, and they appear to
be non-dynamical (auxiliary) in the model under consideration.
In the free case,
K(Y,Y)=RYTY, (72)

one can easily do the contour integral in (B9) to result with

S:/d5:nd40 <§>3(<1>q>—22> o (73)

where the omitted terms involve the auxiliary superfields. The latter terms vanish on the
equations of motion for the auxiliary superfields. The quadratic action obtained can be
shown to agree (upon implementing a superfield Legendre transformation that converts 3
into a chiral superfield) with the model previously constructed in [BI] (see also [P9]) by
rewriting supersymmetric component actions in AdSs in terms of 4D A = 1 superfields.

Since the explicit z-dependence in (@) is not accompanied by any (-dependence, the
auxiliary superfields can be eliminated in the AdSs case in the same way it has been done
in the flat global case for a large class of nonlinear sigma-models, see e.g. [2J].

— 10 —



To describe off-shell massive hypermultiplets living in AdS®I®, it is necessary to have
at our disposal a gauge field V;(¢) that generates the corresponding field strength Wj.
Assuming the SU(2) choice (ff), one can check that V(¢) can be chosen to be

R - iR _
(0 = ¢ (670~ 0(Q) + 50" (OF (s, (74)
where
0°(¢) = —¢o5 — of 8,(¢) = —¢0, + 67,
Ze = 2+ (012 — 012) + ((0og + OLL) . (75)

The corresponding field strength (5§) can be checked to agree with (BJ). Projecting to the
4D N = 1 superfields gives

Volopo = 2 (192 - <é?> + Btz 4y, (76)
= 2z \ (¢ z
and therefore
1 _
siZ =4 = Voloy—o0 = §<292 — ¢92> . (77)

The massive hypermultiplet Lagrangian is obtained by replacing ([g) with
K(Y,Y,V;) = RY ™Y, (78)
with m the hypermultiplet mass. This model is invariant under gauge transformations
Vo — Vo+A+X, T — e ™7, (79)

with the gauge parameter A\(({) an arctic superfield. In conclusion, we note that the pre-
potential ([4) should be used in the Lagrangian () to describe the dynamics of the
Yang-Mills supermultiplet in AdS°I8.
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